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A Proof of the Elliptic-Function Addition- Theorem. 

By J. C. Fields. 
The integration of the differential equation 

l| + ^ = ° (A* = Vl-tfsin>,etc.) 

can be effected by aid of the factor 

A^A^ — J<? sin A cos A sin ^ cos ^ 
1 — /<? sin 2 A sin* -^ ' 

which, as will shortly be seen, is an integrating factor ; thus, 

ft AaA^ — It? sin A cos A sin ^ cos ^ / <bp , <^\ 

~~ 1 — /<? sin 8 $ sin 2 •$ ~ \A<J> "*" AtJJ 

= Ti — .-« .-*-,- ( A^d* — ^ sin A cos A sin 4- cos^ -X) + ( ) ;* 

1 — it 2 sin* 4 sin 2 ^ \ A^/ 

and since 1 — A 2 sin 2 4) sin 2 ^ = cos 2 A + sin 2 A — &* sin 2 A sin'iJ^cos^ + sin'AAty, 

this = — 5 ; — =-* — r^ ( A^dA — ¥ sin A cos A sin ^ cos ^ -^ ) + ( ) 

cos 2 4 + sin 2 * A 2 ^ \ A^/ 

= eZ (tan -1 tan dA^) + ^ (tan -1 tan ^Aa) 
.*. tan -1 (tan $A4>) -f tan -1 (tan 4> A A) = /k ; 
. c tan|A^ + tan^ = 

1 — tan A tamJAAAi// 

And since evidently (i =■ * when 4 = 0, /* is the amplitude of (u + v), where 
u, v are the elliptic functions whose amplitudes are A, ^ respectively. 

* ( ) being the same function of (f , <t>) that the preceding term is of (f,t). 
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The formula for sn (u + v) can be very readily derived from above ; thus, 
sn («-)-«) = sin (i = 



Vl + tanV 
tan ftA^ + tan i^Aft 



V(tan ftA^ + tan ^Aft)* + (1 — tan ft tan ijAftA^)* 
__ tan ftA^ + tan TJ/A ft 

~~ V l>lan* ft A'^l»n*^A»ft + tan»ft tan T M*ftA*i£ 

tan ftAifr + tan ^ A ft 

~~ V(l + tan*ftAV)(l + tanSJ/A'ft) 
sin ft cos ^Ai^ + cos ft sin i//Aft 

V (cos* ft + sin* ftASP)(cos 4 ^ ~F sin 2 ijA'ft) 
___ sin ft cos ijAiJ'+ cos ft sin i/'Aft 
~~ 1 — &* sin* ft sin* 4> ' 

since cos' ft + sin* ftA 8 ^ =1 — A* sin* ft sin* 4 = cos' ^ + sin* ^A'ft ; 

i. e. sn (u + v) == sn w en v dn v + sn v en m dn u -M — A 2 sn* w sn* v. 

The en (u -f- v) and dn (u + t>) can of course be just as readily obtained. 



